Abstract. In this paper we redefine a increasing filtration on the the Hopf algebra S(n, k), From which we get a spectral sequence called May spectral sequence. As an application we computed H
Introduction
In stable homotopy theory, the "chromatic" point of view plays an important role (cf. [3, 11, 14] ). Fix a prime p. Let E(n) * , n 0 be the Johnson-Wilson homology theories and let L n be localization functor with respect to E(n) * . Then there are natural transformations L n X −→ L n−1 X, and the chromatic tower
By the Hopkins-Ravenel chromatic convergence theorem, the homotopy inverse limit of this tower is the p-localization of X X −→ HolimL n X.
Thus the homotopy groups π * (L n X) is the part of homotopy groups π * (X) one could see from E(n) * . To determine the homotopy groups π * (L n X), one has the Adams-Novikov spectral sequence based on the Brown-Peterson spectrum BP , whose E 2 −term is E s,t 2 = Ext s,t BP * BP (BP * , BP * (L n X)). (cf. [1, 10, 11, 14] )
To determine the Adams-Novikov E 2 -term Ext s,t BP * BP (BP * , BP * (L n X)) one has the Bockstein spectral sequence. This is an argument based on the cohomology of the Morava stabilizer algebra S(n) at each prime p (cf. [11, 16, 17, 19] ). Here the Hopf algebra S(n) is defined as
We write S(n, k) = S(n)/(t j : j < k) = Z/p[t k , t k+1 , · · · t s , · · · ]/(t p n s − t s ). The Hopf algebra structure of S(n) determines that of S(n, k), while S(n, 1) = S(n). Let V (n−1) and T (k−1) denote the Smith-Toda spectra and the Ravenel spectra respectively characterized by BP * V (n − 1) = BP * /I n = BP * /(p, v 1 , · · · , v n−1 ) and
If L n V (n − 1) ∧ T (k − 1) exist, (although V (n − 1) does not exist (cf. [6] ), but V (n − 1) ∧ T (k − 1) might exist), then by the change of rings theorem, the E 2 -term of the Adams-Novikov spectral sequence converging to π * (L n V (n − 1) ∧ T (k − 1)) is In this paper, we will use H s, * S(n, k) to denote the Ext groups Ext s, * S(n,k) (Z/p, Z/p). In [5, 13 ], Ravenel and Henn determined H s, * S(1), H s, * S(2) at all primes, and H s, * S(3) at the odd primes p 5. H s, * S(n, k) is known from [11] for k n at odd primes and k > n at the prime 2 . In [15] Shimomura and Tokashiki computed H s, * S(n, n − 1) at odd primes p > 3. In this paper we will be concentrated on the case k n.
Consider the cohomology of the Hopf algebra S(n, k) at all primes. In section 2 of this paper, we follow Ravenel's ideal (cf. [11] 3.2.5 Theorem), redefined the May filtration in S(n, k) and its cobar complex C s, * S(n, k). This filtration induces a spectral sequence so called May spectral sequence {E s, * ,M r (n, k), d r } that converges to H s, * S(n, k). Then in section 3 we prove that the E 2 -term of the May spectral sequence is isomorphic to the cohomology of
is the integer part of
. In particular, if
The homological dimension of each element is given by
For the May differentials, one has d r : E
The first May differential d 1 is given by
We analyze the higher May differentials and give a collapse theorem in section 4. As an consequence we compute the cohomology of S(n, n) at the prime 2, S(3, 2) at the prime 3 and S(4, 2) at the prime p 5 in section 5.
The May spectral sequence
Let p be a prime, 
One can easily prove that
Thus for the n-th Morava K-theory
n ], the Hopf algebra
The inner degree of t s in S(n) is
because v n is sent to 1. The structure map ∆ : S(n) −→ S(n)⊗ S(n) acts on t s as follows
i at the prime 2. For the integer k 1, let S(n, k) = S(n)/(t s |s < k). We have
In the resulting May spectral sequence, we want to have the 0-th May differential is d 0 (t p j s ) = 0 and the first May differential is given by
and for s n + k
. So we define the May filtration on S(n, k) as: Definition 2.3 In the Hopf algebra S(n, k), we define May filtration M as follows: 
. Then the May filtration of t
, n + k − 1 = n + k − 1. From its definition, we see
, one sees that
Thus from M (t
. This implies
2n we see that s − n n n + k − 1. Thus the May filtration
The May filtration of t
Similarly, by induction we get the Lemma.
Example: The May filtration in S(4, 2) is given by: 
be the sub-module of S(n, k) generated by the elements with May filtration
is a bigraded Hopf algebra, where T [ ] denote the truncated polynomial algebra of height p on the indicated generators. The structure map
acts the the generators t
is given on the generators as
Let F C * , * ,M S(n, k) denote the sub-complex of C * , * S(n, k) generated by the elements with May filtration M . Then we get a short exact sequence
of cochain complexes. The cochain complex
is isomorphic to the cobar complex of E * , * (n, k) given in (2.5). Let E * , * ,M 1 S(n, k) be the homology of (E * , * ,M 0
gives rise to a spectral sequence (so called the May spectral sequence) {E
. Theorem 2.8 For k n the Hopf algebra S(n, k) can be given an increasing filtration as in Definition (2.3). The associated bigraded Hopf algebra E * ,M (n, k) is primitively generated with the algebra structure of (2.5). In the associated spectral sequence, the
The homological dimension of each element is given by s(h i,j ) = 1, s(b i,j ) = 2 and the degree is given by
here h i,j corresponds to t 
In the E 1 -term of this spectral sequence, we have the following relations:
Proof. It is a routine calculation in homology algebra that for the truncated polynomial algebra Γ = T [x] with |x| ≡ 0 mod 2 and x primitive,
where
represented by x ⊗ x at the prime 2). Notice that the E 0 -term of the spectral sequence is isomorphic to the cobar complex of E * ,M (n, k). Then from (2.5) we see that
Notice that d 0 (t
[6] Lemma 3.4 and 3.8).
The first May differentials
Now suppose k n, then s 0 2n. From (2.2) and Lemma 2.4 one has 
The first May differential are given by
At the prime p = 2, s 0 = 2n. The reduced May E 1 -term becomes
and the first May differential of h 2n,j is given by
Proof. We define a filtration in the May's E 1 -term
as follows: for each s k, define
From (3.1), we see that for each s k, F s (n, k) is a sub-complex of E * , * , * 1 S(n, k) that satisfies
and
Indeed, for s > n + k − 1,
is a sub-complex of F s (n, k) whose cohomology is Z/p concentrated at dimensional 0. This implies
S(n, k)
At prime p = 2, s 0 = 2 × 2n 2 = 2n > n + k − 1. The first May differentials are deduced from (2.2).
As a corollary one can easily see that if 2pn + p − 2 2(p − 1) n + k − 1, then the reduced
The higher May differentials in the MSS for S(n, k)
From (3.2) we see that the first non-trivial May differential of b i,j appears at
In [6] (2.10) and (2.11), a collapse theorem is given for the higher May differentials in the exterior part E[h i,j |i > 0, j 0] of the MSS for the steenrod algebra A at odd primes. In this section, we will give a similar collapse theorem for the higher May differentials of E * , * , * r S(n, k). Let p be an odd prime. We define a Hopf algebra T (n, k) as
The inner degree of ξ i is defined to be |ξ i | = 2(p − 1)(1 + p + · · · + p i−1 ) and the structure map ∆ :
There is a Hopf algebra reduction homomorphism Φ : T (n, k) → S(n, k) which send ξ i to t i . The image of Φ is P [t i |k i n + k − 1]/(t p n i − t i ) and Ker Φ is the idea generated by (ξ 
becomes a bigraded Hopf algebra with the structure of
and ∆(ξ
and let F C * , * ,M T (n, k) denote the sun-complex generated by elements with May filtration M . We get a spectral sequence {E s, * ,M r T (n, k), d r } with E 0 -term
which is isomorphic to the cobar complex of E * ,M T (n, k). The E 1 -term of this spectral sequence is isomorphic to
Noticed that the reduction map Φ : T (n, k) → S(n, k) is May filtration preserving, it induces a homomorphism of May spectral sequences Φ : E * , * , * r T (n, k) −→ E * , * , * r S(n, k). T (n, k) to that of E * , * , * r S(n, k). Similar to [6] (2.10) and (2.11) we give a collapse theorem in the MSS for T (n, k). To the generators h
where each x i is of the generators h We use s(x) to denote the homological dimension of x. Noticed that the May filtration of h
we see that for the monomial g = x 1 x 2 · · · x m ∈ E s, * , * 1 T (n, k) of homological dimension s, its May filtration satisfies
and the equality holds if and only if g is a monomial in E[h
with 0 c i < p, we define its sum of degree as
and for an element g ∈ E * , * , * 1
, where 0 c i < p and define its sum of degree to be
Then from
we see that SI(h
But for the reason of the p-adic numbers one has 
in the exterior part of May's E 1 -term satisfies SI(g) = Sd(g), then it is an infinite cocycle in the MSS for T (n, k) and Φ(g) is an infinite cocycle in the MSS for S(n, k).
Proof. (1) follows from (4.6) and (4.8) .
Suppose
T (n, k) that satisfies SI(g) = Sd(g). Then its May filtration M = 2SI(g) − s = 2Sd(t) − s. Consider the higher May differentials
we see that M − r < 2Sd(t) − (s + 1) for r > 1. Thus the target E s+1,t,M−r 1 T (n, k) and then E s+1,t,M−r r
Example Let p 5. The E 2 -term of the May spectral sequence for H s, * S(4, 2) is isomorphic to the homology of
with first May differentials
So h 
. Thus it is an infinite cocycle in the MSS for T (4, 2) and
is an infinite cocycle in the MSS for S(4, 2).
5. The cohomology of S(n, n) at p = 2 and of S(3, 2) at p = 3
As an application of Theorem 3.3, we will compute H * , * S(n, n) at p = 2, H * , * S(3, 2) at prime p = 3 and H * , * S(4, 2) at prime p 5 in this section.
5.1.
The cohomology of S(n, n) at prime two. Consider the cohomology of S(n, n) at p = 2. The reduced Mays E 1 -term becomes
(cf. Theorem 3.3). Noticed that the only non-trivial first May differential is
We see that the E 2 -term is the tensor product of E[h s,j |n < s < 2n] and the cohomology of
Lemma 5.2 The May's E 2 -term E * , * , * 2 S(n, n) at p = 2 is isomorphic to the tensor product of E[h s,j |n < s < 2n, j ∈ Z/n] and E[h n,j , ρ 2n |j ∈ Z/n] ⊗ P [h n,n−1 ], where ρ 2n = 0 j<n h 2n,j and h 2 n,j = h 2 n,n−1 .
Proof. We define b n,j = h 2 n,j + h 2 n,j+1 for 0 j n − 2 and define b n,n−1 = h 2 n,n−1 . It is easy to see that P [h n,j |j ∈ Z/n] could be divided as the tensor product of P [b n,j |0 j < n] and E[h n,j |j ∈ Z/n] as Z/2-modules.
From (5.1) we see that
The cohomology of {P [h n,j |j ∈ Z/n] ⊗ E[h 2n,j |j ∈ Z/n], d 1 } is isomorphic to the tensor product of E[h n,j |j ∈ Z/n] and the cohomology of
The generator of P [b n,j |j ∈ Z/n] are denoted as
subject to s i > 0, 0 i 1 < i 2 < · · · i m < n and the generators of E[h 2n,j |j ∈ Z/n] are denoted as
is the leading term of the first May differential
(2) For j 1 i 1 + 1 and j 1 < n, the leading term of the first May differential
, where ρ 2n = 0 i<n h 2n,i . The Lemma follows.
Theorem 5.3
The May E ∞ -term E * , * , * ∞ S(n, n) is isomorphic to its E 2 -term. Thus the cohomology of S(n, n) at prime 2 isomorphic to the tensor product of E[h s,j |n < s < 2n] and
Proof. It is easy to see from (2.2) that for n s < 2n, h s,j is an infinite cocycle. From d(t 2n + t To compute the E 2 -term, we set a filtration on the exterior algebra E[h 2,j , h 3,j , h 4,j , h 5,j |j ∈ Z/4] as follows: and ℵ is the direct sum of the modules generated by the following cohomology classes:
1; h 2,j ; e j = h 2,j h 2,j+1 , g j = h 4,j h 2,j ; h 2,j g j+1 , h 2,j g j+2 , h 2,j g j+3 ; g j g j+1 , e j g j+2 ; h 2,j g j+1 g j+2 ; e 0 g 2 g 3
with j ∈ Z/4. Beside, we also have the following relations:
h 2,i h 2,i+2 =0, h 2,i g i+2 =h 2,i+2 g i , h 2,i g i+2 g i+3 =h 2,i+2 g i+3 g i .
With the add of a personal computer, we compute that Theorem 5. From the collapse Theorem 4.9, we claim that the MSS for the cohomology of S(4, 2) collapse at E 2 -term.
